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Abstract: If f be an analytic function on the unit disk D in the complex plane C. We consider the
generalized Hilbert-type operators defined by

r@+1 (*fO@-1°

}[a,b(f)(z) = F(b + 1) o (1 _ tZ)a+1 dt’

where a and b are non-negative real numbers. In particular, fora = b = 8, H, ;, becomes the Generalized Hilbert
operator Hp and for f = 0, it becomes the classical Hilbert operator 7. We study these operators acting on
weighted Bergman spaces Af of analytic functions in ID. Here we give conditions on the parameters a, b, p and
a such that H, , is bounded on A7.

Keywords: Generalized Hilbert-type operators, Integral-type operators, Bergman Spaces
1. Introduction:

Let D denote the unit disk in the complex plane and let H(ID) be the class of all analytic functions on D.
Let f € H(D) andr < 1. For 0 < p < oo, the integral means of f are defined by

1 (27 . 5
M,(r,f) = <Ef |f(reu9)|pd9)p
0
and

My (r, f) = max |f(rei9)|.

0<@<2m

M, (r, f) is an increasing function of r.

We recall that the Hardy space HP, 1 < p < oo, of the unit disk D is the Banach space of analytic functions f: D —
C such that

1
2n . de\p
Il » = su j rei® "—) <o,
Flar =sup ([ 11 e) 51
for finite p, and

I£1l,, = suplf(2)I.
zeD

More details on Hardy spaces can be found in [1]. For 0 < p < oo, the Bergman space AP consists of all f €
H(D) such that

171 = [ If@Pam@) <o,
D
where dm(z) = %rdrde is the normalized Lebesgue area measure on . We refer to [8] for more details on

Bergman spaces. For 0 < p < o0 and @ > —1, the weighted Bergman space Ay consists of all f € H(ID), such
that

It = @+ 1) [ IF@PQ = [21)%dm() < oo
D
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Equivalently,

1
IIfIIZg = (a+ 1)] MY (r, (1 —r)*dr < co.

For @ = 0, we get the Classical Bergman space. For p € R, the Dirichlet-type space SP consists of all f € H(D)
such that

(o0}

I£12 = > G+ DPlayl? < oo

n=0

where f'has the Taylor expansion f(z) = Y.n—; a,z". Recall that S? is a Hilbert space with inner product

(£.9)= ) (n+ DPayb,
n=0

where f(z) = Y5 oa,z" and g(z) = X% ob,z™ For p =0, we get the Hardy space H?, for p = —1 the
Bergman space A% and for p = 1 the Dirichlet Space D. Refer [6] for more details. If 0 < p < 2 and f € S?,
then

1
cpllfllép < |f(O* + Zf r(1—=r>)YPM2(r, fdr < Cpllfllj,p.
0
In [7], authors gave the optimal values of ¢, and C,,.

The Hilbert matrix H with entries a;; = (where i,j are positive integers) induces an operator by

i+j+1’

e @oen = | 2 T

k=0

multiplication on sequences

For 1 < p < oo Hilbert’s inequality

2

n=0

o]

P
n+k+1
k=0

1 1
p>p - ( ) )
< T Yar)
. T
Sin (5) k=0

guarantees that H induces a bounded operator on [P spaces with norm

T
sin (%)

The constant % is the best-possible [4]. The Hilbert matrix H induces an operator H on spaces of analytic
sin\ —
p

IHNpop =

functions. For f € H(D) with f(z) = Y5 a,2z", Hilbert operator 7 (f) is defined by

H()(2) = Z (Z ﬁ) z" (1.1)

n=0 \k=0

If f € H', then, by Hardy’s inequality [1] we have

o lan]

<m ,
Zn+1 e
n=0
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for which it follows that the power series (1.1) has bounded coefficients and consequently H (f)(z) is well defined
on the unit disk [6]. The Hilbert operator has an integral representation given by

1
HPO@ = | T g

The Hilbert operator had been studied on Hardy spaces by E. Diamantopolous and A.G. Siskakis in [4] and in
[3] by M. Dostani¢, M. Jevti¢ and D. Vukoti¢. In [4] authors proved that 7 (f)(z) is a bounded on the Hardy
spaces HP forp > 1 but not on H* and H*. They proved the following result:

Theorem 1.
1. If2<p<oothen IH()lp» < Smn(n) Wf1l,» for each f € HP.
P
2. If1<p<2 thenlHPll,p < 'nTEE) If N, » for each f € HP with f(0) = 0.
)

Boundedness of H (f)(z) on Bergman spaces AP for 2 < p < oo was proved in [2] by E. Diamantopolous. He
showed that £ (f) (z) is not even defined in A2. More precisely the author proved the following theorem:

Theorem 2. The operator His bounded on Bergman spaces AP,2 < p < oo, and satisfies:

1. If4<p<owandf € AP, then II}f(f)IIAp_ ( )"f”Ap

7-p
2 [f2<p<dandfer, then IH(,p < (s + 24—p)ﬁ||fllm,.
P

1
3. If2<p<4andf €A, with f(0) = 0, then 1K ()l < (2+ 1)”@"1‘",4;:-
P

In 2009, S. Li and S. Stevi¢ for § = 0 defined Generalized Hilbert operator as follows:

(Tt B+ DI +k +1) .
Hs (D@ ‘Z( =Or(n+1)r(n+k+/3+z)a’<>z '

n=0

For § =0, Hz(f)(2) gives Hilbert operator. Hy (f)(z) has an integral representation:

1 — )P
f®A -0 it

1@ = | G

In [6] the authors proved the boundedness of generalized Hilbert operator on Hardy spaces in polydisk. In [5] S.
Li proved the boundedness of the generalized Hilbert operator on Dirichlet-type spaces SP for § > 0and 0 < p <
1.1In 2015, S. Naik And K. Rajbangshi extended the class of generalized Hilbert operator by defining the operator

_ - I'n+a+1DI'n+k+1)
Ha,b(f)(z)—z< Fn+Dr(n+k+b+2) ")Z

n=0
and called it the Generalized Hilbert-Type operator [7]. For a = b = ,H, ), = Hp and H, ), = H fora = b =
0. H, p has an integral representation as follows:

ra+1) (fOA-1°

Har DO =15 | = e

They proved the boundedness of H,, ,, on the Dirichlet-type spaces SP and the Bergman spaces. They extend and
improve the result of boundedness of {;z on S? spaces by proving the boundedness of # , in SP (0 < p < 2)and
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finding the norm of the operator H, , on SP. They also gave conditions on a, b and p such that #, ; is bounded
on AP forp > 2.

The main objective of this article is to prove the boundedness of Generalized Hilbert-type operator on the weighted
Bergman spaces Ay for certain values of the parameters. We use the representation of #,,, in terms of the
weighted composition operator to prove the main results in Lemma 2.2 and Theorem 2.3. Lemma 2.1 is established
to prove Lemma 2.2. The results will extend the results on the boundedness of Hilbert-type operators on the
Bergman spaces.

Throughout this article, C means a positive constant, which may differ from one occurrence to the other.
2. Generalized Hilbert-type operator on Aj spaces

In this section, we present the main results of the article. For that purpose, the representation H, ;, in terms of a
weighted composition operator is used as follows [7]: For z € D, we choose the contour

t
¢(t) = ¢, () =m,0 <t<l.

A change in variable in the integral representation of H, ; gives

dt

ra+1) (¢ ( t ) (1-t)P1 -2

Hap(H@) = re+1), " \(t-1z+1 % (14 (t—1)z)b-a+1

In [7] the authors defined a weighted composition operator as follows:

T.(F) (@) = f(¢:(2))w! ™" (2),

where ¢.(z) = T and w.(z) = (t_lﬁ Then
Hap(F)(2) = Ha+1) T.(F) (21 - )’ (1 — 2)"~%dt

rb+1J,

IFI ger
Lemma3. For0<p<o,a>—landf € Af |f(2)| < CiAzj,zE D.
@a-|zp) P

Proof. Using the definition of the weighted Bergman space and increasing property of integral means we have

117 f MP (r, ) - r)%dr
4 0

3+|z|

4
Juagy Q= DMEG Py
i 3+lz|

» (1+12] 1—1z\* (= p
M\ )\ fu_u ’
2

= My (HTlZlf) (1 — |z

Applying Cauchy’s integral formula to any p € (0, ), we have

1
- 1DIfF@P < (1 + |z|)“M,’:< +2'Z' ,f).

From (2.3) and (2.4), we get

If e 2 CA = zDIfF@IP(1 = 12D = CIf @P (A = |zD)**
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which gives us

I/

lf (2P < CW-

—a—2

Lemma 4. Suppose f € A%, a > —1. Ifa + 2 > p(b — a), then IIthIIA% <Cca- t)T||f||A%.

Proof. From (2.1), using the definition of the weighted Bergman spaces we have

1T = [ I (@)t @ (1 = Iz dm@)
D

Using Lemma 2.1 we have
ITfI%e < C

a
Ap

<C

Ifa+2>p(b - a),then

(1 - |p.(2)])e+?
dm(z)
D |1 + (t — 1)Z|(b—a+1)p—a—2(1 _ t)a+2(1 — |Z|)2
P g oypea [ 1HE— 1)z|a+2-(-a+Dp
||f||A%(1 )P J];)) L

11+ (¢t — 1)z|e+2-C-ap
p _ +y—a-2
IIfIIA%(l t) J]D) A=z dm(z).

||f||2%f |wb=a+1(2)[" dm(z)
D

I

dm(z)

- dm(z)
ITflg < € Mflg(1 =07 | 7 Ssm
. s 2w f1 %rdrde
3 e e
<C Uil -1 fo NeEsse

<C Iflg (-2

Theorem 5. Suppose f € Ay, a > —1.Ifp(b+1) >a+2>p(b—a)andb = a, then H,, is bounded on AS.

Proof. From (2.2) we have

96aollly = [ 1760t 1" (= Il dm)
D

)

[

IA

1
0

1
0

If b = a then

fl(l —)P(1 — 2)P79T,f (z)dt

- 1/p
f U |1 - )1 - 2P T f(2)(1 - IZIZ)“/”Ipdm(Z)} dtl
| D

p
(1 - |z|*)*dm(2)

14
P

f 1-°A -2 T f(2)(1 - IZIZ)% dt dm(Z)}p

p

P

[ 1/p
= f U (1 =01 = 2|PC~ DT, f ()P (1 - IZIZ)“dm(Z)} dt] :
| D
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1 14

1 1
13,07, < C l | { [imrera- |z|2)“dm(z)}p (1—0Pde
p 0 D

1 p
=C U ITf1l a(1 = t)bdt]
0 14

Using Lemma 2.2 we have

» 1 b—a—+2 p
ety = | [ a- 0" a] uriy
0

For different values of the parameters, we have the following corollary:

Corollary 6. Suppose f € Ag,a > —1. Ifp(b + 1) > a + 2, then Hy is bounded on Ag. In particular, Hg and
H are bounded on Bergman spaces.
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